The 2-homeotoxal tilings of the plane and the 2-sphere  by Grünbaum, Branko & Shephard, G.C
JOURNAL OF COMBINATORIAL THEORY, &ieS B 34, 113-150 (1983) 
The Z-Homeotoxal Tilings of the 
Plane and the 2-Sphere 
BRANKO GR~~NBAUM 
Department of Mathematics, University of Washington. 
Seattle, Washington 98195 
AND 
G. C. SHEPHARD 
University of East Anglia, Norwich NR4 7TJ, England 
Communicated by the Editors 
Received September 15, 198 1 
A complete enumeration is obtained of the finite tilings of the 2-sphere and of the 
infinite tilings of the plane which are normal and admit two transitivity classes of 
edges under topological automorphisms of the tiling. Every type is found to be 
representable by a tiling in which the edges form two transitivity classes under 
isometric symmetries of the tiling. 
1. 1NTR00uCT10~ 
A tiling d of the plane or of the 2sphere is said to be homeotoxul if the 
group H(g), whose elements are the homeomorphisms of the plane or 2- 
sphere which map & onto itself, is transitive on the edges of &. Similarly, d 
is said to be 2-homeotoxal if the edges of g form two transitivity classes 
under the group Z-Z(d). The homeotoxal tilings of the plane and of the 2- 
sphere have been enumerated previously; references to these results will be 
given below. The purpose of this paper is to enumerate the topological types 
of 2-homeotoxal tilings; the only previous work in this direction seems to be 
that of Gethner and Hutchinson [2] who considered (from a different point 
of view) the embedding in the 2-sphere of finite graphs with two transitivity 
classes of edges. The homeotoxal tilings of the 2-sphere (that is, 3-connected 
edge-transitive finite planar graphs) have been considered by several authors; 
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see, for example, Fleischner and Imrich [ 1 ] or Griinbaum and Shephard (61, 
and the references to earlier literature given there. 
Stated in full generality, the enumeration of 2-homeotoxal tilings in the 
plane is an intractable problem-the number of topological types is infinite 
and our definitions admit many bizarre types of tilings which, from a 
geometrical point of view, it is desirable to exclude. Examples of such tilings 
will be given shortly, but let us say immediately that the most convenient 
restriction to impose on our tilings is that of normality: a tiling g is called 
normal if it satisfies the conditions: 
(i) Every tile of K is a closed topological disk. 
(ii) The intersection of every two tiles of d is a connected set. 
(iii) The tiles of d are uniformly bounded. By this we mean that there 
exist real positive parameters u and U such that each tile of d contains some 
circular disk of radius u, and is contained in some circular disk of radius U. 
The condition of normality excludes, for example, the three 2-homeotoxal 
tilings of Fig. 1. The tiling g1 of Fig. la contains tiles which are digons (that 
is, their boundaries consist of exactly two edges and two vertices) and this 
implies that the tiling violates condition (ii) for normality. The tiling KZ of 
Fig. lb is said to have a singularity at infinity. It violates condition (iii) and, 
moreover, every tiling homeomorphically equivalent to &* also violates 
condition (iii). From our point of view the exclusion of such tilings is 
essential since our treatment will depend heavily on Euler’s theorem for 
tilings (see Eq. (11)) and no known variant of this theorem holds for such 
tilings. The tiling gj of Fig. lc is not locally finite, by which we mean that 
there exist arbitrarily small circular disks which meet infinitely many tiles. 
Also @Z3 has the unusual (and somewhat surprising) feature that certain edges 
in the tiling, namely, those lying along the lines marked by arrows, belong to 
only one tile. Clearly condition (iii) for normality is violated here; in 
addition, condition (i) does not hold. The reason for the latter is that the 
rectangular tiles do not cover the plane, and the tiling has to be completed 
by adjoining “single-point tiles” at the points of intersection of the marked 
horizontal and vertical lines. 
It is not difficult to show that every normal tiling d is locally finite and 
there exist upper bounds for the valences of the vertices and for the numbers 
of edges of the tiles of 6. These upper bounds are simple functions of the 
parameters u and U mentioned in condition (iii) for normality. For further 
properties of tilings related to normality, and a discussion of its implications, 
the reader is referred to Griinbaum and Shephard [7, Chap. 31. 
If we restrict attention to normal tilings, then the enumeration problems 
for homeotoxal and 2-homeotoxal tilings become finite. It is known (see 
Griinbaum and Shephard [6] and the references given there, or Lovisz ]S, 
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FIG. 1. Three examples of non-normal 2-homeotoxal tilings in the plane. In (a) each tile 
is either a 12.gon or a digon. In (b) one pentagonal tile and two octagonal tiles meet at each 
vertex. In (c) each “square” contains an infinity of rectangular tiles which decrease in width 
as one approaches the sides of the square. 
116 GRihBAUM AN5 SHEPHARD 
Problem 12.181) that there exist exactly nine topological types of normal 
homeotoxal tilings on the 2-sphere and (see Griinbaum and Shephard ]7]) 
exactly five topological types of such tilings in the plane. Examples of all 
these types are shown in Figs. 2 and 4, and information about them appears 
in Tables I and III. It will be noticed that each topological type of tiling can 
be represented by an isotoxal tiling, that is, one in which the edges form a 
single transitivity class under the symmetry group S(K) of 6. (The 
symmetries of d are the isometries that map d onto itself.) We know of no 
reason why such a representation is always possible; it seems to happen 
“accidentally” in this and many similar cases. As we shall see later, an 
exactly analogous situation arises in the case of 2-homeotoxal tilings; each 
topological type can be represented by a 2-isotoxal tiling (in which the edges 
form two transitivity classes under the group s(K)). At present the numbers 
of (homeomeric) types of 2-isotoxal tilings of the plane and of the 2-sphere 
are unknown; the enumeration of the 2-homeotoxal tilings described here 
may be regarded as a first step towards enumerating the 2-isotoxal tilings. In 
Section 4 of this paper we shall make further comments about the 
enumeration of homeomeric types. 
The next two sections of this paper will be devoted to solving the 
enumeration problems for normal 2-homeotoxal tilings on the 2-sphere and 
in the plane. Our results are summarized in Theorems 1 and 2, and details of 
the various types are given in Tables II and IV. Diagrams of all the types 
appear in Figs. 3 and 5. In order to introduce the methods we shall use, each 
section will begin with a few remarks concerning the homeotoxal case. 
Explanations for Tables I-IV. The type of a 2-homeotoxal tiling 
(column (1) of Tables II and IV) is defined as q-r, where q and r are the 
adjacency numbers for the tiling. The list number (column (1) of each table) 
is introduced for reference purposes only. The symbol in column (2) is 
explained in Section 2. In column (3) of Table I we give the numbers of 
elements (vertices, edges, and tiles) in the homeotoxal spherical tilings. 
Similar information for the 2-homeotoxal tilings is given in column (3) of 
Table II. Here the number of vertices is expressed as a sum u, + v2 + uJ, 
where v,, v2, and v, are the numbers of vertices incident with edges of the 
first class only, incident with edges of the second class only, and incident 
with edges of both classes, respectively. The number of edges is given as 
e, + e2, where e, and e2 are the number of edges of the first and second 
classes respectively. The number of tiles is given as I, + t, + t,, where I,, I,, 
and t, are the numbers of tiles whose edges are of the first class only, of the 
second class only, and of both classes, respectively. 
In column (3) of Table III we give the numbers of elements in a tran- 
sfative fundamental region of the tiling. (In the isotoxal representations 
shown in Fig. 4, these are the numbers of elements in a period 
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parallelogram.) In column (3) of Table IV similar information is given for 
the 2-homeotoxal tilings, the numbers of elements being expressed as sums as 
described above. In Tables III and IV, an asterisk by a number in 
column (3) means that the elements referred to belong to two transitivity 
classes. For example, in type HTP4 the three vertices in a translative 
fundamental region belong to two transitivity classes, and in type 2HTP50C 
the three vertices incident with edges of both classes, and the three tiles 
whose edges are of both classes, each belong to two transitivity classes. If 
there is no asterisk, then there is only one transitivity class. 
In column (4) dual tilings are bracketed together, and SD means self-dual. 
The group symbol in column (5) refers to a group of symmetries (on the 2- 
sphere or in the plane) which is isomorphic to the group H(d). This group is 
also the group of symmetries of the isotoxal or 2-isotoxal representation of 
the tiling given in the diagrams. 
The incidence symbol in column (6) is explained in Section 4. Note that 
for the 2-homeotoxal tilings, labels a and b are used for edges of the first 
class, and labels A and B are used for edges of the second class. To help 
with the interpretation of these symbols, in Figs. 2 and 4 the small arrow 
indicates the side of a tile to be labelled a, and in Figs. 3 and 5, the small 
arrow by an edge of the first class is to be labelled a, and the arrow by an 
edge of the second class is to be labelled A. The sides of all the other tiles are 
then labelled as described in Section 4, and the given incidence symbol is 
thereby obtained. 
2. TILINGS ON THE ~-SPHERE 
For any tiling 8 on the 2-sphere the numbers of vertices, edges and tiles 
will be denoted by U, e, and t, respectively. If d is normal, these numbers are 
necessarily finite. For simplicity we shall refer to a tile of g as an n-gon if it 
has n edges and n vertices on its boundary. This terminology must not be 
taken to imply that the tile has straight lines (or great circle arcs) as edges, 
or is convex; that is, it need not be a polygon in the usual sense of the word. 
For any edge of a tiling & we use the symbol K, . K*; 6, . 6, to mean that 
the edge separates (that is, lies on the boundaries of) a K,-gon and a K,-gon, 
and the end-points of the edge have valences 6, and 6,. In the case of a 
homeotoxal tiling &, transitivity clearly implies that every edge has the same 
symbol K, * K2 ; 6, . 6, and so we may use (K~ . K*; 6 i . 8,) to denote the 
topological type of 6. These symbols are used in column (2) of Table I. 
By counting incidences and applying Euler’s theorem for spherical maps 
in the form 
v-e+t=2 (1) 
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it is simple to deduce that for a normal isotoxal tiling of type (K, . K, ; 
6, ’ 8,) to exist it is necessary that 
1 - 
K, 
(2) 
This equation is known as the fundamental relation for normal homeotoxal 
tilings on [he 2-sphere, and is the starting point for the solution of the 
enumeration problem. For this we investigate solutions of Eq. (2) in integers. 
There are infinitely many such solutions, but it is not difficult to show, by 
combinatorial and geometrical arguments, that only a small finite number of 
these solutions correspond to actual tilings. For example, the values 
K,=K2=d1 = 3, 26, = 2n = e 
satisfy (2) for any integer value of n > 3. However, if 6, # 6,, then as we go 
round a k-,-gon (or a Kz-gon) its vertices must have valences alternately 6, 
and 6,. But this is impossible since K, is odd; we deduce that 6, = 6, and so 
the only admissible value of n is 3. Hence we arrive at the tiling (3 . 3; 3 . 3) 
with 6 edges, 4 vertices, and 4 tiles which is listed as HTSl in Table I and 
Fig. 2. 
A systematic investigation of all the possibilities leads to exactly nine 
normal homeotoxal tilings on the 2-sphere, for details of which see Table I. 
For normal 2-homeotoxal tilings on the 2-sphere we proceed in an 
analogous manner. We obtain a fundamental relation (see (8)) and then the 
enumeration of types depends on examining integer solutions of this 
equation. To begin with, however, it is convenient to introduce a symbol for 
the topological type of a 2-homeotoxal tiling analogous to that which we 
have used for homeotoxal tilings. 
Let us denote the two transitivity classes of edges in a by E( 1) and E(2). 
Two edges, one from each class, are said to be adjacent if they have a 
common end-point and both lie in the boundary of the same tile of g. If 
each edge of E(1) has symbol K, . ~2; 6, e 6, and is adjacent to q edges of 
E(2), and if each edge of E(2) has symbol V, . v,; E, . s2 and is adjacent to s 
edges of E(l), then the topological type of K will be represented by the 
symbol 
,h. K2i 6, . 4) s(v, - v2; El . 5). 
The numbers q and s will be called the adjacency numbers for g. 
For any such tiling d we write e, and e, for the numbers of edges in E(1) 
and E(2), respectively, and use Y and t, as before, for the numbers of vertices 
and tiles. Then counting incidences yields the following relations between e, , 
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@ HTSl R+d c HTS2 3 I 0 HTS3 
FIG. 2. Examples of the nine types of normal homeotoxal tilings on the 2-sphere. Except 
for type HTSl (which is the image under central projection onto the sphere of the faces of a 
tetrahedron) representatives of the tilings have been chosen so that, in each case, the 
equatorial plane of S* is a plane of symmetry. Then each diagram represents the image, under 
orthogonal projection onto this equatorial plane, of the tiling in one hemisphere (and therefore 
of the tiling in each of the two hemispheres). The symbol R&z) below the first part of the 
figure is explained in the caption to Fig. 3, and the arrows at the end of Section 1. 
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e2, v, t, and the numbers K,, KZ, 6,) 6,, v,, v2, E,, E,, q, and s in the symbol 
for 6. 
e, +e,=e, (3) 
qe, = se2, (4) 
f=e, ($+$)+e2 ($+-!-), 
v=e, (i+i)+e2 ($+--!-). 
From (3) and (4) we obtain 
se 
e, =-, 
w 
q+s 
e,=-. 
q+s 
(5) 
(6) 
(7) 
Substituting in (5) and (6) and then using Euler’s relation (1) we obtain 
S 
4 + S 
which holds for every normal tiling of type 4(~, . K~; 6, . d,) ,(v, . v2; 
E, . c2) on the 2-sphere. Equation (8) is called the fundamental relation for 
normal 2-homeotoxal tilings on the 2-sphere. 
In order to enumerate the topological types of tilings we look for integer 
solutions of (8). As in the case of Eq. (2) discussed above, there are 
infinitely many solutions. However, there are many restrictions of a 
combinatorial nature (more than in the homeotoxal case) that enable us to 
reject solutions which do not correspond to tilings. For example, it is clear 
that at least one of K, and ICY must be equal to at least one of V, and v2, and 
the same applies to the pairs of valences a,, 6, and E,, c2. A systematic 
investigation of all the possibilities is tedious and intricate but presents no 
theoretical difficulties and we suppress the details. After careful checking we 
arrive at the following result. 
THEOREM 1. There exist 7 infinite sequences (each depending on a 
positive integer n> and 49 other topological types of normal 2-homeotoxal 
tilings on the 2-sphere. Details of these appear in Table II and diagrams of 
all the types in Fig. 3. 
We make two observations about this result. The first is that is turns out 
to be possible to represent each topological type of tiling by a 2-isotoxal 
tiling (that is, one in which the edges form two transitivity classes under the 
group S(a) of symmetries of a). The second is that some of the tilings in 
2HTS4 
2HTS3 
-- . ..__..__ __A- 
FIG. 3. Examples of the seven infinite sequences and 49 other types of normal 2- 
homeotoxal tilings on the 2-sphere. Here, and in Fig. 5, edges of the first class are shown as 
solid lines; edges of the second class are shown as dashed lines. The tilings are depicted in a 
similar manner to that described in the caption to Fig. 2. When it is not possible to choose a 
representative of the tiling so that the equatorial plane is a plane of symmetry, the notation 
R(0) appears below the corresponding diagram. This signifies that the image of the tiling in 
one hemisphere differs from that in the other by a rotation through angle 8. For type 
2HTS31(6) the diagram shows the image of the tiling in one hemisphere only: the notation T 
means that the other hemisphere consists of a single tile. 
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FIGURE 3 (continued) 
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2HTS31(6l 
RGURE 3 (continued) 
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2HTS42 -~~-~ 
,/-- 
FKZJRE 3 (continued) 
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FIGURE 3 (continued) 
our list are what we call colored tilings (tilings in which the two classes of 
edges need to be distinguished in some manner such as by coloring them in 
one of two colors). This situation arises in the following way: Suppose that 
we wish to test whether a tiling of type *(3 + 4; 4 . 4) *(3 . 4; 4 . 4) exists. It 
is easy to see that such a tiling must have exactly 14 tiles, 24 edges, and 
12 vertices. These are arranged as the faces, edge, and vertices of a cuboc- 
tahedron, and therefore the tiling is homeotoxal (and not 2-homeotoxal as 
required). Nevertheless, if we color the edges in each of the two transitivity 
classes as described, and interpret H(d) as the group of homeomorphisms of 
S* that not only map K onto itself but also map every edge of d onto one of 
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the same color, then g is 2-homeotoxal according to our original definition. 
It appears as type 2HTS38C in Table II and Fig. 3. The 12 types of such 
colored tilings are distinguished by the letter C following the list number in 
Table II. The consideration of colored 2-homeotoxal tilings is clearly 
necessary for the determination of all the 2-isotoxal types; see Section 4. 
3. TILINGS IN THE PLANE 
Before embarking on the enumeration of the normal homeotoxal and 2- 
homeotoxal tilings in the plane, it is necessry to dispose of various 
theoretical difftculties. These stem from the fact that in deriving the 
fundamental relations for such tilings (analogous to (2) and (8)) we need to 
use Euler’s theorem for plane tilings, and this only holds for a restricted class 
of tilings known as balanced tilings. It is not possible to give a complete 
exposition here, and in any case this is unnecessary since a full account is 
given in Griinbaum and Shephard [7, Chap. 31. Here we content ourselves 
with a brief statement of the definitions and results. 
Let D(r, P) represent a circular disk in the plane of radius r and center P, 
and for a given tiling K, let d(r, P) represent the patch of tiles of d 
determined by D(r, P). This patch consists of all the tiles of d which have 
nonempty intersection with D(r, P), together with a minimum number of 
additional tiles that must be adjoined in order to make the union of the tiles 
in the patch into a topological disk. We write v(r, P), e(r, P), and t(r, P) for 
the numbers of vertices, edges and tiles in the patch d(r, P). Then by 
Euler’s theorem for plane maps we have 
u(r, P) - e(r, P) + t(r, P) = 1. (9) 
Divide this equation by t(r, P) and consider the limit as r + co. If the limits 
UP, P> 
kZ t(r, P) 
. ---=v(tz-), . 
e(r, P> 
kL t(r, P) 
~ = e(g) (10) 
both exist and are finite, then the tiling & is called balanced and the limiting 
process applied to (9) yields 
v(a)-e(a)+ 1 =O. (11) 
This result is called Euler’s theorem for plane tilings. We stress that both 
normality and the existence of the limits in (10) are required for this result to 
hold; on the other hand, it is not hard to show that if the limits in (10) exist 
for one point P, then they exist for every point P. 
It follows that if we are to find fundamental relations for homeotoxal and 
2-homeotoxal tilings in the plane in a manner analogous to that described in 
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Section 2, it is necessary to establish that such tilings are balanced. 
Fortunately, in the case of homeotoxal tilings this is known to be true (see 
Griinbaum and Shephard [7, Sect. 4.51) and consequently it is 
straightforward to prove that for a normal homeotoxal tiling in the plane of 
type (ICY . ICY; 6, . S,) to exist it is necessary that 
-$+$+$+h. 
I 4 
(12) 
We suppress the details of the derivation of this relation since they have 
already been given in Griinbaum and Shephard [ 71. Relation (12) is known 
as the fundamental relation for normal homeotoxal tilings in the plane. Its 
solutions can be analyzed in a manner similar to that described above for 
relation (2) in Section 2, and this leads to exactly five types of tilings. These 
are listed, with additional information, in Table III, and diagrams of all five 
types appear in Fig. 4. 
We shall now derive the fundamental relation for normal 2-homeotoxal 
tilings in the plane. Since we shall require Euler’s theorem for plane tilings it 
will be necessary to establish first that normal 2-homeotoxal tilings in the 
plane are balanced. This turns out to be technically more difficult than in the 
homeotoxal case. 
FE3 
HTP2 
HTP5 
FIG. 4. Examples of the five types of normal homeotoxal tilings in the plane. 
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To begin with we shall show that in any 2-homeotoxal tiling there exist at 
most three transitivity classes of tiles under the group H(d). To see this, let 
us denote the two transitivity classes of edges in d by E(1) and E(2) and the 
transitivity classes of tiles by T(i), i = 1, 2,... . An edge of d of class E( 1) 
will separate two tiles, and we shall denote the classes to which these belong 
by T(1) and T(2). It follows by transitivity that every edge of class E( 1) will 
separate a tile of T( 1) from one of T(2). In a similar manner, every edge of 
E(2) will separate a tile of (say) class T(3) from a tile of class T(4). It seems 
therefore that four transitivity classes of tiles T(l), T(2), T(3), and T(4) may 
occur. However, it is easy to see that these cannot all be distinct: the fact 
that edges of both classes occur in d implies that either T(1) or T(2) (or 
both) must coincide with T(3) or T(4) (or both). In other words, some tiles 
of d musf be bounded by edges belonging to both the classes E(1) and E(2). 
Hence, as claimed, the tiles belong to at most three transitivity classes. An 
exactly analogous result holds for the transitivity classes of vertices in 6. 
A consequence of the above observation is that 2-homeotoxal tilings 
can be conveniently partitioned into four types according to the incidences of 
the classes of edges with the classes of tiles. (In the following each of the 
incidence numbers eij is supposed to be nonzero.) 
(I) Three transitivity classes of tiles. Tiles of class T(1) are bounded 
by e,, edges of E( 1) and e,2 edges of E(2). Tiles of class T(2) are bounded 
by e,, edges of E( 1) and tiles of class T(3) are bounded by ej2 edges of E(2). 
(IIa) Two transitivity classes of tiles. Tiles of class T(1) are bounded 
by e,, edges of E(l) and ei2 edges of E(2). Tiles of class T(2) are bounded 
by e,, edges of E(1) and eZ2 edges of E(2). 
(IIb) Two transitivity classes of tiles. Tiles of class T(1) are bounded 
by e,, edges of E(1) and e,* edges of E(2). Tiles of class T(2) are bounded 
by e2i edges of E( 1). 
(III) One transitivity class of tiles. Tiles of class T(1) are bounded by 
e,, edges of E(1) and ei2 edges of E(2). 
All these transitivity types can actually occur as can be seen from 
Table IV and Fig. 5. (Type (IIa) is represented by only one normal 2- 
homeotoxal tiling, and that is the colored tiling 2HTP48C.) There is an 
analogous partition of the tilings into four types with respect to the incidence 
of the classes of edges with the transitivity classes of vertices, and this leads 
to at most 4 x 4 = 16 types of tiling in all. (Some of the 16 types do not 
occur.) In the following we shall only consider the “most general case” as 
described in (I): we shall assume that there are exactly three transitivity 
classes of tiles and three transitivity classes of vertices. The modifications to 
the argument for the other types are obvious and straightforward, and will be 
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FIG. 5. Examples of the 51 types of normal 2-homeotoxal tilings in the plane. 
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FLGURE 5 (continued) 
omitted. Hence we shall be considering normal 2-homeotoxal tilings with 
symbols &i + K*; 6, . 6,) S(~, e vz; E, . E*), where pi = Y, and 6, = ei. 
In a patch .&(l, P) of tiles as defined above, let t,(t, P), t,(r, P), t,(r, P) be 
the numbers of tiles of the three classes T(l), T(2), T(3) and let the incidence 
numbers eij be defined as above. The number of edges of class E(1) in 
d(r, P) is approximately equal to e,,t,(r, P) and also approximately equal 
to e2i t,(r, P). The fact that these are not accurate estimates of the number of 
edges arises from discrepancies due to the edges that lie on the boundary of 
d(r, P). If we denote the number of such edges by E(r, P) it is easy to see 
that 
-E(r, P) < e,, t,(r, P) - e,, t,(r, P) < E(r, P), (13) 
and similarly for edges of E(2), 
--E(r, P> < e,,f,(r, P) - e,,l,(r, P) GE@, P). (14) 
Putting t(r, P) = t,(r, P) + t,(r, P) + t,(r, P) we deduce from (13) and (14) 
that 
-E(r,P) (-$+--!-)< (%+z+ 1) t,(r,P)--(r,P) 
<W,P) (&+-!-). 
Divide through by t(r, P) and take the limit as r--r 00. We now use the 
Normality lemma (Griinbaum and Shephard [ 7, Eq. 3.2.21) which implies 
that for a normal tiling 
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Hence 
t,(r, p> 
( ) 
--L 
!i! t(r,= 
~+~+l . 
From our point of view the value of the limit in terms of the incidence 
numbers eij is irrelevant. It is, however, important that the limit exists and is 
finite and we shall write 
t,(r, PI 
?2 t(r, P) 
. -= tl(a). (16) 
The procedure just described, of writing down equations and inequalities 
for the numbers of tiles, edges, vertices, etc., in &‘(r, P) and then letting 
r+ 00, will be used several times in the sequel. We shall usually have to 
estimate the discrepancies that arise due to the elements of the tiling that lie 
on the boundary of SS?(~, P) and then show that the corresponding terms 
vanish as we take the limit. For this purpose it is necessary to use the 
normality lemma. 
If we divide (13) and (14) by t(r, P), take the limit as r-+ 00, and use 
(15), we obtain 
M-7 p> 
!ff! t(r, P) 
* -= t,(a) and ’ h (6 P> 
!% t(r, P) 
~ = t,(a). (17) 
Our argument has shown that both these limits exist and are finite. Now 
each of class E( 1) is incident with a tile of class T(l), and each tile of this 
class is incident with exactly e,, tiles of E( 1). Hence e,(r, P) (the number of 
edges of E(1) in &‘(r, P)) and e,,t,(r, P) are approximately equal. 
Estimating the discrepancy as before we obtain 
-E(r, P) < e,(r, P) - e,, tl(r, P) < E(r, P). 
Divide through by r(r, P), let r -+ CL), and use (15). We deduce that the limit 
. e,(r,p> 
?If”, t(r, P) 
-=e,,t,(K) 
exists and is finite. The value of the limit will be denoted by ei(a), and in a 
similar manner, considering edges of class E(2), we deduce that the limit 
. dry PI 
k! t(r, P) 
~ = e,(K) 
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exists and is finite. From our point of view the values of e,(a) and e,(K) in 
terms of the incidence numbers and t,(a) are not important. What we 
require is the fact that since 
e(r, P) = e,(r, P) + e,(r, P) 
is the total number of edges in JY(~, P), we can deduce (by dividing by 
t(r, P) and taking the limit as r--t co) that 
. e(r, P> 
?E t(r, P) 
~ = e(g) = cl(g) + e2(F) (18) 
exists and is finite. This shows (see Griinbaum and Shephard [ 7, Sect. 3.3 1) 
that the tiling d is balanced. Thus Euler’s theorem, in the form (1 l), holds. 
A slight modification in the above argument shows that, under the 
assumption that there are three transitivity classes of vertices V( 1 ), V(2), and 
V(3), and that the numbers of vertices in each class belonging to .d(r, P) are 
u,(r, P), uz(r, P), and v,(r, P), respectively, then each of the three limits, 
. ui(r9 P) 
k! t(r, P) 
~ = vi(a), i = 1, 2, 3, 
exists and is finite. In the terminology of Griinbaum and Shephard [ 7, 
Sect. 3.41, the normal 2-homeotoxal tiling d is strongly balanced. 
Although numerical relations between the numbers e,(g) (i = 1, 2), tj(g) 
and vj(K) (j = 1,2, 3), and the incidence numbers eii could be derived from 
the above reasoning, it is more convenient to find relations in terms of the 
adjacency numbers q and s. 
To do this, we count incidences in _ef’(r, P) and estimate discrepancies to 
obtain 
--E(r, P) < qe,(r, P) - se&, P) < E(r, P). 
Dividing through by t(r, P), letting r + 03 and using (15), yields 
qel@3 = se,@? 
which, with the right equality of (18), leads to 
e](g) =s e(K), 
q+s 
e2W = j+ 40 
Remembering that the tiles of classes T(l), T(2), and T(3) are rc,-gons, K~- 
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gons, and vz-gons, respectively (with IC, = vl) we can count incidences to 
obtain 
0 < e,(r, P) + e,(r, P) - Kl t,(r, P> < E(r, P), 
0 < e1Q-9 p> - q&Q-, P) < E(r, PI, 
0 < e2(r, P) - v2 t,(r, P) < E(r, P). 
Using t(r, P) = t,(r, P) + t,(r, P) + t,(r, P) yields 
O< (k+J-)el(r.P)+ ($+-!-)e2(r,P)-Q,P) 
,<E(r,P) ( $+$+i . 1 
Dividing through by t(r, P), letting r -+ co and using (15), we obtain 
($+$)el(g)+ ($+$)e2(K)= 1. 
Hence, using the values of e,(K) and e,(a) obtained above (see (19)) we get 
We now employ similar reasoning for the vertices. Remembering that the 
vertices of the three transitivity classes V(l), V(2), and V(4) have valences 
6,, a,, and Q, respectively (with 6, = E,), we can count incidences between 
these classes and the two kinds of edges in -&(r, P). In this way we obtain 
where c is a constant (which we may take as c = max(b, ,6,, s2)). Dividing 
the above inequalities by 6,) 6,) and c2, respectively, and putting U(T, P) = 
v,(T, P) + vz(r, P) + u3(r, P), a simple manipulation yields 
O< (i+$)e,(r,P)+ ($+$) e,(r,P)--u(r,P) 
<cE(r,P) 
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Dividing through by t(r, P), taking the limit r + co, and using (15) and (19) 
as before, yields 
dV= (-&7 (i+-j-) +-&-(++j-)) e(a). (21) 
Finally we substitute from (20) and (21) for 1 and v(a) into Euler’s relation 
(11) to obtain 
Removing the factor e(a) and rearranging leads to the relation 
which is necessary for a normal 2-homeohedral tiling in the plane of type 
&I * K2 ; 6, + 6,) s(vl . v,; cl - e2) to exist. 
Equation (22) is known as the fundamental relation for normal 2- 
homeotoxal tilings in the plane. We remark that this equation can also be 
obtained from the known properties of 2-homeohedral tilings using the 
method of tile-centering (see Griinbaum and Shephard [7, Chap. 4; 3, 
p. 4291). The more direct derivation given above seems, however, to be 
preferable in many respects. 
Now we have obtained this relation (22), the enumeration of the tilings 
proceeds as before. We examine integer solutions of (22), reject those that do 
not correspond to tilings for some combinatorial reason, and find tilings 
corresponding to the remaining solutions. As before, the work is tedious and 
intricate but we believe our enumeration to be correct. 
THEOREM 2. There exist 5 1 topological types of normal 2-homeotoxal 
tilings in the plane. Details appear in Table IV and diagrams of all the types 
in Fig. 5. 
Regarding these results we may make observations analogous to those 
following Theorem 1. Of the 5 1 types, 21 types are colored and are 
distinguished by the letter C following the list number in the first column of 
Table IV. Also in Fig. 5, a 2-isotoxal representative of each tiling is shown. 
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4. 2-ISOTOXAL TILINGS 
The edges of a 2-isotoxal tiling g form two transitivity classes under the 
symmetry group s(K); consequently, they form at most two transitivity 
classes under the group H(g), We deduce that every 2-isotoxal tiling is 
necessarily either homeotoxal or 2-homeotoxal. In fact, the first of these two 
possibilities can be ignored if (as above) we agree to use the term “2- 
homeotoxal” to include the colored tilings. It follows that the types of 2- 
isotoxal tilings can be enumerated by taking each normal 2-homeotoxal type 
in turn, and examining the various 2-isotoxal types that correspond to it. 
Before starting on such a program, it is essential to obtain criteria for 
deciding whether two given tilings are of the same “type” or not. From the 
discussion in Griinbaum and Shephard [5] it will be seen that the only 
reasonable definition to adopt is that of “homeomeric type,” since this is 
mathematically convenient and also fits in with our intuitive ideas as to 
whether two given tilings should be considered as of the same type. (Two 
tilings are said to be homeomeric provided there exists a homeomorphism of 
the plane mapping one onto the other, which maps each symmetry of either 
tiling onto a symmetry of the other tiling. For more details see Griinbaum 
and Shephard [5, 71.) Another advantage of the classification into 
homeomeric types is that it can be carried out relatively easily using a 
variant of the method of incidence symbols (see Griinbaum and 
Shephard [4]). 
In fact, the enumeration of the homeomeric types of 2-isotoxal tilings has 
never been carried out, and this is so in spite of the fact that our methods 
provide a straightforward (if laborious) approach to the problem. We 
conjecture that there are about 150 homeomeric types of 2-isotoxal tilings in 
the plane, and that on the 2-sphere there are about the same number of types 
and in addition, about 20 families of types, each depending on a positive 
integer parameter. 
We shall now explain briefly how an enumeration of the 2-isotoxal tilings 
on the plane and on the 2-sphere could be carried out. The method closely 
follows that described for isotoxal tilings in detail in Griinbaum and 
Shephard [3], and in the following we shall assume that the reader is 
familiar with this paper. 
Let a 2-isotoxal tiling @? be given. We use the notation E(1) and E(2) for 
the two classes of edges of 6, and we remark that each edge of d coincides 
with the sides of two tiles in 6. The first operation is-to label the sides of the 
tiles in K. To do this we choose any tile T in d and assign a symbol, say a, 
to a directed (oriented) side of T. This can be conveniently denoted on a 
diagram by a small arrow labelled a placed close to, and “parallel with,” the 
chosen side. Let us suppose that this first labelled side of T coincides with an 
edge e, of class E(1). Now apply the operations of the symmetry group 
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s(K) to yield a corresponding assignment of the symbol a to certain sides of 
some of the tiles of 6. Not only may two or more sides of the same tile be 
assigned the same symbol a, but it may also happen that a is assigned a 
second time to the same side of a tile but in a reversed direction. (This will 
happen, for example, if there is a symmetry which maps a tile onto itself and 
interchanges the end-points of the chosen side.) In this case we shall regard a 
as a label for an undirected (unoriented) side of T. The transitivity of S(K) 
on the class E( 1) implies that at least one of the two sides of the tiles that 
coincide with e, (and therefore with every edge of E(1)) must bear the label 
a. If both sides bear the label a, then the labelling of the first class of edges is 
completed. If not, we label the other directed side of the other tile at e, with 
a symbol 6, and proceed in a similar manner. In this way all the sides (which 
coincide with an edge of E(1)) of all the tiles of K will be labelled. 
In an exactlly similar manner we label the sides of the tiles in d that 
coincide with edges of E(2); here we use labels A and (if necessary) B. 
Two edge symbols are now defined, one corresponding to each transitivity 
class of edges, exactly as in the isotoxal case (Griinbaum and Shephard [3, 
p. 4091); they may be thought of as listing the (two) symbols that we meet 
as we go round an edge cyclically, with superscripts + or - to denote the 
orientations. Ignoring trivial changes of notation, there are just five possible 
edge symbols for each edge, namely, a +b + , a +a +, a +a -, ub, and au for an 
edge of the first class, and A +B+, A ‘A +, A ‘A -, AB, and AA for an edge of 
the second class; these correspond to the cases where the induced edge-group 
(the stabilizer of an edge) is cl, ~2, dl(I), dl(p) and d(2), respectively. 
To define the adjacency symbol of a tile of g we proceed cyclically round 
the tile, reading off the symbols from the sides, and again using the 
superscripts + and - to denote the orientation. The number of distinct 
adjacency symbols that arise is clearly equal to the number of transitivity 
classes of tiles in 6. Finally we construct the incidence symbol in which we 
list the two edge symbols and all the adjacency symbols that occur. 
Wherever possible, the incidence symbols are abbreviated by the use of 
exponents. 
As an example, in Fig. 6 we show, on the left, three 2-isotoxal tilings of 2- 
homeotoxal type ,(3 e 3; 4 . 6) ,(3 . 4; 6 + 6). The corresponding labellings 
have been transferred to the diagrams of the 2-homeotoxal type and appear 
on the right. The corresponding incidence symbols are shown. From the 
general theory we deduce that there is a one-to-one correspondence between 
the homeomeric types of 2-isotoxal tilings and the (permissible) labellings of 
the corresponding 2-homeotoxal type. By “permissible” we mean that the 
labelling is consistent with the 2-homeotoxal property of the labelled tiling in 
that the edges form two transitivity clases under those operations of H(g) 
that preserve the labels. Further we do not distinguish between two labellings 
of a tiling that are trivially equivalent in that one can be obtained from the 
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(al < a+a-, AB: A4, a+a-fj> 
(b\ <a+b+, A%+; (AtA-12, a+b+B+> 
(cl < a+b*, A+B+: (A+j4, a+b+B+> 
FIG. 6. An illustration of the use of incidence symbols in determining the 2-isotoxal types 
of tilings that correspond to a given 2-homeotoxal type. Here the three permissible labellings 
of the 2-homeotoxal type 2HTP29 are shown, together with an example of a 2-isotoxal tiling 
corresponding to each labelling. In (a) the groups H(K) and S(g) coincide, so the incidence 
symbol (~‘a+, AB; A’, a’a-B) is also used to denote the 2-homeotoxal type, see Section 4. 
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other by different choice of letters as labels, or reversal of cyclic order in the 
adjacency symbols. 
It follows that the homeomeric types of 2-isotoxal tilings can be 
enumerated by systematically examining each normal 2-homeotoxal type 
(including the colored tilings) in turn, and then assigning labels in all 
permissible ways. This turns out to be quite simple to do and in each case 
only a small finite number of tilings can arise. 
As we have seen, every normal 2-homeotoxal type of tiling corresponds to 
at least one 2-isotoxal type. Moreover, the 2-isotoxal type can always be 
chosen to that the groups N(d) and S(a) are equal. In this case it is 
convenient to regard the 2-isotoxal incidence symbol as also representing the 
2-homeotoxal type in that it describes the incidences between the two kinds 
of edges and the various transitivity classes of tiles in 6. (It may be derived 
directly without using a 2-isotoxal representative in exactly the same manner 
as described above except that we use the group H(d), instead of S(a), in 
assigning the labels so the sides of the tiles.) For example, as we see from 
Fig. 6a, @‘a+, AB; a+a-B) is the incidence symbol for the 2-homeotoxal 
type 2HTP29. Incidence symbols in this sense, for each type of homeotoxal 
and 2-homeotoxal tilings, are listed in the last columns of Tables I-IV. 
It should be noted that neither the 2-homeotoxal symbol defined in 
Section 2, nor the incidence symbol defined here, is sufficient on its own to 
specify the type of a 2-homeotoxal tiling uniquely. (For example, types 
2HTP37C, 2HTP38C, 2HTP39C all have the same 2-homeotoxal symbol, 
and types 2HTP13C, 2HTP17, 2HTP19 all have the same incidence symbol, 
see Table IV.) However, both symbols together specify a unique type of 
tiling. 
The question as to whether, for k > 2, every k-homeotoxal tiling &? has a 
k-isotoxal representative with H(d) = S(a) is still open. A related question 
concerns the finiteness of the number of types. We have seen that there exist 
only a finite number of types of normal 2-homeotoxal tilings of the plane and 
of the 2-sphere, and it is immediate that the number of permissible labellings 
of each type is also finite. However, for k-homeotoxal and k-isotoxal tilings 
the situation is different. We believe that it is not difficult to prove that the 
number of homeomeric types of k-isotoxal tilings is finite for all values of k, 
but the question of the finiteness of normal k-homeotoxal tilings seems much 
more difficult to prove (even if it is true!). Of course, the question could be 
resolved if we knew that every normal k-homeotoxal type of tiling had a k- 
isotoxal representative. 
Further questions that remain open for investigation concern the study of 
k-homeotoxal tilings on manifolds other than the plane and 2-sphere. There 
are, for example, infinitely many (normal) k-homeotoxal types of tilings on 
the torus (for all k > 1) but these seem to belong to a small number of 
“families” which would make the description of all the types into a practical 
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possibility. Whether or not the same situation holds on manifolds of higher 
genus is a completely open question. 
Note added in proof. S. Jendrol’ and M. Tkaf (On the simplicial 3-polytopes with only two 
types of edges, Discrete Math. in press) investigate triangulations of the sphere in which the 
edges have one of two symbols, but edges with the same symbol are not assumed to be 
equivalent under topological symmetries of the triangulation. 
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